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Abstract
Rock drilling is utilized in oil and gas production as well
as geothermal energy development. Drilling bits encounter
severe vibrations and are subject to failure. Several schemes
were developed to study bit-rock interaction under dynamic
drilling conditions. One such scheme was to utilize the frequency response function (FRF) of the drilling system to
model the system’s dynamics. This study looked at how this
approach could be applied using a drilling platform, referred
to as the Hard Rock Drilling facility (HRDF), developed at
Sandia National Labs in Albuquerque, NM. It will be shown
how the measured FRF of the HRDF can be utilized to predict bit forces and vibrations under varied drilling conditions. Moreover, the methodology was used to model rock
surface topology and compare the results with test data obtained in the laboratory.

Introduction
In recent years, oil and gas wells are being drilled ever
deeper in order to reach untapped reserves. The long drill
strings needed for such wells are, however, more susceptible to vibrations induced by instability. To study these vibrations, simulation of the drill string, bit and rock interaction was employed. Moreover, test rigs and measurementwhile-drilling (MWD) systems were used to validate simulation results [1-3].
A drill string is essentially a long series of pipes connected together with a bit at the end making it so flexible that it
behaves as a string, hence the name drill string. This flexibility is the root cause of excessive vibrations. These vibrations take place in three-dimensional space, namely axial,
torsional and lateral. Lateral vibrations are controlled
through track bits and the placement of supports close to the
bit [4], [5]. Torsional vibrations are the most destructive
because they lead to bit movement in a backward direction
relative to the rock, which leads to breakage of the cutters.
Replacing the bit requires removal of the drill string, an
expensive process. It was shown that torsional vibrations
can be controlled by controlling axial vibrations. This is
because controlling axial vibrations keeps the bit firmly

against the rock and does not allow the torsional energy to
be released [6]. Control of axial vibrations can be accomplished by employing a shock absorber (referred to as shock
sub) above the bit [7], [8]. Some of these shock subs are
quite sophisticated and involve active damping [9], [10].
Another approach is to match the bit to the drill string. Both
of these approaches require an analysis of drill string
modes.
Generally, drill string vibration can be loosely classified
in two broad categories: forced and self-induced. Forced
vibrations have frequencies that are speed dependent and
increase as the force increases and die out if the force is
invariant with time. On the other hand, self-induced vibrations have frequencies that are system dependent and can
exist in the presence of a steady force and may increase or
decrease with time. Self-induced vibrations, sometimes referred to as chatter, were shown to exist in drill strings
equipped with polycrystalline diamond compact (PDC) bits,
particularly in hard rock. This was demonstrated in laboratory drilling at the HRDF [11].
A fundamental question pertaining to self-induced vibrations is: What is the underlying cause of this type of vibrations? The answer to this question is basic to understanding
self-induced vibrations. This question can be answered by
considering the bit and drill string as a feedback control
system. A constant force, say the weight-on-bit, is applied
to the bit which is forced to rotate. The bit reacts by moving
in the axial, rotational and lateral directions. This movement
affects the interaction between the bit and rock surface. This
in turn produces a dynamic force and again alters the bit
displacement. As the bit moves over the rock surface, it is
removing material that has been shaped by previous passes.
If, for simplicity, we envision the surface to be sculpted in a
harmonic fashion, the critical variable determining variation
in material thickness is the phase shift between the current
bit movement and the wave caused by material removal by
the preceding cut (see Figure 1). In other words, the phase
shift (ε) between the forward path (current bit vibration) and
feedback signal (surface shape due to previous bit vibration)
determines whether vibration in the bit grows (unstable system), dies out (stable system) or remains unchanged (limit
of stability or quasi-stable).
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Figure 1. Model of Rock Surface

Consequently, a coring bit requires less cutting force, resulting in higher penetration rates. This coring bit has an inner
diameter of 31.04mm and an outer diameter of 83.26mm. It
utilizes three cutters whose diameters are 26.82mm and
which are placed at a 20-degree negative rake angle. The
cutters are placed at 0° from a reference line (inner gage
cutter), 155° CW (intermediate cutter) and 246° CW (outer
gage cutter). Figure 3b shows a cross section of the bit with
the three cutters rotated to fall into the same plane. Notice
that the cutter profile travels a distance (hav) per revolution.
The area of rock cross-section is simply (ro-ri)hav or (b
hav). The bit force is then similar to that of a radial bit with
one blade whose radius is the bit width (b). This is a good
approximation considering that the overlap between the
areas removed by adjacent cutters is minimal [14].

Simulation of bit vibration for an assumed drill string can
distinguish operating conditions where the system is stable
or unstable. One can also find conditions where the system
is at the limit of stability, or quasi-stable, and a precise limit
between the two states can be calculated. A modal model is
used to obtain the dynamic modes of the drill string. This
model is used to predict drill string stability in one of two
ways. First, to obtain a stability boundary, referred to as the
limit of stability [12-14]. It shows the bit diameter at each
speed above which the drill string becomes unstable. Second, a time simulation can be used to predict bit behavior
under varying drilling conditions.
Factors affecting rock surface topology are bit geometry,
system dynamics, rock type and operating conditions. The
thrust of this study was to show how these factors could be
used to predict rock surface topology produced in a drilling
rig and to compare these results with those obtained in the
laboratory.

Figure 2. Sandia’s Hard Rock Drilling Facility (HRDF)

Background
Many designs for laboratory rigs have been employed to
test drill bits. A novel approach is given by Elsayed [15].
Sandia National Laboratories (SNL) built a testing facility
to test PDC drill bits. The original intention was to test for
cutter wear. It was later realized that most PDC bit failures
are not due to cutter wear, but rather impact loading caused
by unstable drilling. To test for such conditions, flexibility
was added to the drilling column in the axial and torsional
directions. This facility is referred to as the Hard Rock
Drilling facility (HRDF), as shown in Figure 2. Different
types of rock and bit designs were tested. This study examined test results from the coring bit shown in Figure 3a.
A coring bit essentially produces a core which reduces
the cutting surface compared to other bits of the same size.

Figure 3a. Coring Bit
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Bit forces and vibrations were calculated and plotted at
these drilling conditions. Finally, bit vibrations were used to
model rock surface topology under these varied drilling
conditions.

Stability of the HRDF

Figure 3b. Coring Bit Model

Problem Statement
In this study, Sandia’s HRDF, shown in Figure 2, was
used as a drilling platform. System dynamics were introduced through the frequency response function (FRF) of the
HRDF measured in the axial direction at the bit. Coring bit
geometry, shown in Figure 3a, was included in the analysis
in order to obtain the stability diagram. The rock used for
drilling was sandstone with a Specific Power (work per unit
volume to remove rock) of 6,500 psi. This data was used to
simulate both stable and unstable drilling and show their
effects on rock surface topology. Finally, a comparison was
made between the simulated topologies and more typical
ones obtained from drilling in a laboratory.

Methodology
In this section, the methodology utilized in this study will
be outlined. First, the concept of stability will be defined
and applied to the HRDF. Also, the equations used to obtain
the bit diameter at the limit of stability will be presented.
The dependence of these equations on the real component of
the frequency response function will be shown. This will be
followed by a presentation of the HRDF model used in calculating bit forces and vibrations under stable and unstable
drilling conditions. A parameter identification model for the
FRF of the HRDF will also be presented in the time and
Laplace domains. This model in turn will be used to plot the
stability diagram, which is essentially a plot of bit diameter
against bit speed at the limit of stability. Additionally, combinations of bit diameters and speeds on the limit of stability, as well as in the stable and unstable regions, will be
identified.

The first approach to stability analysis is to use formal
equations for the stability diagram. This approach is based
on the concept of feedback inherent in self-induced vibrations. A bit force causes the bit to oscillate in the rock. This
causes variations in rock surface topology. When bit cutters
enter the rock, their forces are influenced by that variation
in rock geometry. This in turn affects bit vibrations, and so
on in a feedback fashion. If this feedback is favorable, the
drill string is rendered stable; if unfavorable it will be unstable. The quasi-stable states represent the limit of stability
[12-14]. The key equations of stability are given below:
-1
blim = ————
2mKSRe

(1)

f
ε = ( ——- -N )
mn

(2)

where:
blim = (ro-ri) at the limit of stability (m). See Figure 3b.
m
= Number of cutter rows in bit, taken as (1) as
shown in Figure 3b.
Ks = Rock Specific Power (N/m2)
Re = The real component of the Frequency Response
Function (FRF) (m/N)
f
= Vibration frequency (Hz)
n
= Bit speed (rev/s)
ε
= Phase shift (degree). See Figure 1.
N
= An integer 0,1,2…etc.
Note that in Equation (1), stability is dependent upon the
negative component (Re) of the frequency response function
(FRF) [16]. The FRF of the HRDF was measured at the bit
and the results are shown in Figures 4-7.
It is clear from Figures 4-7 that the HRDF has a primary
mode at approximately 5.6Hz, a secondary mode at approximately 63Hz along with other minor modes. The data in
these plots were used to plot the stability diagram shown in
Figure 10.
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Figure 4. Real Component of the FRF for the HRDF
Figure 7. Nyquist Plot of the FRF for the HRDF

HRDF Model

Figure 5. Imaginary Component of the FRF for the HRDF

In order to show bit displacement and force profile in the
stable, unstable and quasi-stable regions, the HRDF needs
to be modeled. The measured FRF of the HRDF is shown in
Figures 4-7. As can be seen from Equation (1), stability is
primarily influenced by the negative portion of the real
component of the FRF. Therefore, any modeling of the
HRDF must preserve that portion of the FRF as much as
possible. Previous modeling attempts involved a trial-anderror procedure intended to represent the HRDF with a single-degree-of-freedom (SDOF) system that matched the
negative component of the FRF as much as possible [16].
This approach has several drawbacks, namely:
●

●

●

Figure 6. Magnitude of the FRF for the HRDF

The HRDF is a complex system. Even though the
FRF plots in Figures 4-7 show one dominant mode,
other modes are still present and have an effect on
drilling, particularly at high speed.
An SDOF system is typically utilized to model bit
vibrations. This is accomplished by attaching a model
of the bit to the mass and following its temporal history as it interacts with the rock. Since the SDOF
model is a rough estimate of the system, bit movement will also be a rough estimate, resulting in a poor
representation of the rock surface.
Realizing that small variations in bit movement can
push the system from the stable to the unstable regions of the stability diagram, their effect on surface
topology will be greatly exaggerated.

For the reasons noted above, the authors proposed the use
of the measured FRF to obtain a more accurate MDOF
(multiple degrees of freedom) model representation of the
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HRDF. This was accomplished as follows:
A) Use the measured FRF in a parameter identification
algorithm to obtain a MDOF model that best fits the
measured FRF. Estimate model parameters using
the iterative prediction-error minimization (PEM)
method. The state-space equations of the model take
the form:

(3)

B) It was found that a fourth-order system produces the
best fit of the FRF input data. The resulting system
parameters are:
Figure 8. Comparison of Bode Plots of the Estimated Model in
Equation (5) to that Measured from the HRDF

(4)

The transfer function (TF) in the Laplace Domain was
found to be:
(5)

C) Using the estimated model, a comparison of the
FRF plots is shown in Figures 8 and 9. Notice the
similarity between measured and estimated FRF of
the HRDF. Notice also that the minimum value of
the real component of the FRF is higher than that of
the measured one. This will lead to a higher envelope of the stability diagram, as can be seen from
Equation (1). However, since the point of interest
here was rock surface topology, it was the overall
dynamic similarities between the systems that mattered, considering that drilling rarely takes place
near the limit of stability.

Figure 9. Comparison of the Real Components and
Nyquist Plots of the Estimated and Measured FRF

Stability Diagram
To plot the stability diagram, the following steps were followed and used to produce the stability diagram shown in
Figure 10 for Sandstone:
1) Pick a frequency (f) starting with the natural fre-
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quency at point (A) of Figure 4 and proceed on the
FRF curve along the A-B-C path.
2) Find real and imaginary components Re(G) and Im
(G) of the FRF at the chosen frequency.

in the stable (point A) and unstable (point B) regions as well
as at the limit of stability (point C). The displacement histories were then utilized to produce corresponding rock surface topologies created by bit action against the rock.

Simulation of Bit Vibration
The time history of the bit force and displacement were
obtained using a numerical algorithm briefly summarized
below:
A) Apply an initial force to the bit equal to the weight
on bit (WOB). For the standard bit, whose outside
diameter is 83.26mm, the WOB represents an initial force F(0) of 1500Lb. This is equivalent to a
bite of
(8)

Figure 10. Stability Diagram for the HRDF with Coring Bit in
Sandstone

3.

Calculate the phase angle between bit force and
displacement (φ) from the equation:
(6)

4.
5.

Calculate bit diameter at the limit of stability, dlim
=2ri + 2 blim using Equation (1) for blim .
Calculate (ε) from:
ε = 180+2(180- φ)

6.

7.
8.
9.

where DO and DI are the bit’s outside and inside
diameters, respectively. It is worth noting that
Equation (8) follows directly from the definition of
the rock’s Specific Power Ks.
B) To find bit displacement after an increment of time
(dt), the estimated model in the previous section
was used. With reference to Figure 11, the bit response to an initial force F(0) of duration dt is given by:
X(dt)= h(dt)F(0)dt

(9)

where h(t) is the Impulse Response Function (IRF)
of the system, assuming zero initial conditions.

(7)

Assuming N=0 for lobe (0) of the stability diagram,
calculate n (rev/s) from Equation (2), where bit
rpm=60n.
Repeat steps 1-6 for various frequencies and plot
dlim versus bit rpm for lobe number (0).
Increment N by 1 and repeat steps 1-7 to plot lobe
(1) of the stability diagram.
Repeat the entire process for various values of N to
plot the desired number of lobes of the stability
diagram.

It is clear from Figure 10 that the coring bit, whose diameter was 83.26mm was stable in Sandstone in a pocket of
stability at 416 RPM. At 400 RPM, the bit diameter at the
limit of stability (point C) was 95.2mm. In the following
section, the estimated model of the HRDF was used to plot
the time histories of the bit force and displacement at points

An incremental time (dt) corresponding to, say, 1
degree of rotation (dθ) was assumed. Using the
axial position of the bit X(dt) as determined after
the first time increment and the bit’s angular rotation (dθ), the location of the bit (and its cutters)
was known in three-dimensional space. This location, in relation to the rock surface, determines the
next bite of the cutters, which in turn determines
the next bit force F(dt). Using the response X(dt) as
the initial condition for the next dt, the response X
(2dt) was obtained. The bit force F(2dt) was again
used to find bit displacement after another (dθ)
degrees of rotation and the process was repeated.
C) This algorithm produces the time histories of bit
force and displacement. The final shape of the rock
surface after a desired simulation time interval revealed the surface topology.
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rock surface, thereby relieving the bit force. This can be
seen in Figure 13 where the bit force becomes zero once
every cycle after a short period of drilling. This situation is
referred to as saturation.

Figure 11. Schematic of the Bit Force

Results and Discussion
The procedure outlined above was used to model bit behavior at 400 RPM in three cases: stable drilling at a bit
diameter of 90mm (point A in Figure 10), unstable drilling
at a bit diameter of 115mm (point B in Figure 10) and at the
limit of stability for a bit diameter of 95.2mm (point C of
Figure 10). For each point, bit displacement, force and rock
surface topology were obtained 5 seconds into the simulation. All bits contained three cutters located at 0°, 155° and
246° angles as explained in the previous section. The stable
bit with 90mm OD had the 26.82mm diameter cutters. For
other bits with 115mm and 95.2mm OD, the cutter diameter
was scaled up by the ratio of DO-DI such that:
Cutter OD (mm) = 26.82 (DO-DI)/(83.26-31.04)

Figure 12. Bit Force in Stable Drilling, Point A of Figure 10

(10)

Moreover, the weight on bit for the 83.26mm bit was
1,500Lb (6,682N) with the value for other bits given by:
WOB (Lb) = 1500 ((DO-DI) / (83.26-31.04)

(11)

In effect, the force per unit length of the bit cutting profile
was preserved. The rock used in the simulation was Sandstone, whose Ks was 6,500psi. The results are given below:

Bit Force
The bit force in the three cases outlined above is plotted
against time in Figures 12-14. From Figures 12-14 it can be
seen that the force on the stable bit settles down to a value
corresponding to the weight on bit (WOB). However, for
the unstable bit in Figure 13, the force increases with time
but is self-limiting. This phenomenon occurs due to the fact
that excessive vibration causes the bit to bounce above the

Figure 13. Bit Force in Unstable Drilling, Point B of Figure 10

The force profile at the stability limit in Figure 14 shows
that vibration amplitude remains unchanged over time after
the initial transient, as would be expected from a quasistable system.

Bit Displacement
The corresponding bit displacements are shown in Figures
15-17.
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Figure 14. Bit Force at the Limit of Stability, Point C of Figure
10

Figure 17. Bit Displacement at the Limit of Stability, Point C
of Figure 10

Again, note the saturation phenomenon which limits bit
displacement for the unstable system of Figure 16 and that
the average bit displacement of Figure 15 corresponds to the
bite taken by the bit under the static load represented by the
corresponding WOB.

Rock Surface Topology

Figure 15. Bit Displacement in Stable Drilling, Point A of
Figure 10

Rock surface topologies obtained from the simulation are
shown in Figures 18-20. From Figures 18-20 it can be seen
that the smooth rock surfaces generated in stable and quasistable drilling contrast the erratic appearance of rock surfaces in unstable drilling (Figure 19). For comparison, typical
rock surfaces obtained from testing on the HRDF drilling in
Sandstone are shown. Figure 21 shows surface topology in
stable drilling while Figure 22 shows the topology in unstable drilling. Here again, one can see that there are similarities between these surfaces and the corresponding surfaces
obtained through simulation. Severe chatter in unstable
drilling causes cutter breakage due to destructive impact
loading. A typical broken cutter is shown in Figure 23.

Summary

Figure 16. Bit Displacement in Unstable Drilling, Point B of
Figure 10

In this paper, it was shown that measurement of the FRF
of a drilling rig can be utilized for the purpose of analyzing
its stability in rock drilling. The resulting stability diagram
was used to establish combinations of bit diameter and
speed where drilling is stable. Moreover, utilizing the FRF,
the severity of vibrations in drill bits can be predicted. Time
simulation was utilized to show bit displacement and forces
as well as rock surface topology in the stable, unstable and
quasi-stable regions of the stability diagram.
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Figure 20. Rock Surface Topology at the Limit of Stability,
Point C of Figure 10

Figure 18. Rock Surface Topology in Stable Drilling, Point A
of Figure 10

Figure 21. Typical Rock Surface Topology in Stable Drilling

Figure 19. Rock Surface Topology in Unstable Drilling, Point
B of Figure 10

It was also shown that the erratic bit behavior for an unstable system is reflected in rock surface topology. Laboratory
tests showed similarities in rock surface appearance and, in
the case of unstable drilling, led to failure of the PDC cutters.

Figure 22. Typical Rock Surface Topology in Unstable Drilling
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Figure 23. Typical Broken Cutter in Unstable Drilling
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